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We prove some theorems by Drinfeld about solutions of the triangular quantum Yang-
Baxter equation and corresponding quantum groups. These theorems are to be understood
in the natural setting of invariant star products on a Lie group. We also set out and prove
another theorem about the invariant Hochschild cohomological meaning of the quantum
Yang-Baxter equation, which underlies the others.
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1. Introduction and results

1. A Poisson-Lie group (G;A4) is a Lie group endowed with a Poisson
structure defined by a two-contravariant antisymmetric tensor 4 on G such
that multiplication in G is a Poisson morphism [1]. If { ; } means the Poisson
bracket of (G;A) or of (G x G;A") [2,5,14], and if

4:C®(G) — C=(G) ®C*(G)

means the coproduct of the usual Hopf algebra C°(G), then (G;A4) is a
Poisson-Lie group if and only if 4 is a Poisson morphism:

d{p;v} = {do;dv}, o,¥ €CZ(G). (1)
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This notion has been considered by Drinfeld following, in particular, work
by Faddeev and Sklyanin on the formulation of the Inverse Scattering Method,
by means of classical and quantum Yang-Baxter equations. It is known [1]
(see refs. [6,7,22]) that a simply connected Poisson-Lie group determines
and is determined by a Lie bialgebra (g;€), where € is a one-cocycle on g,
with values on A2(g), relatively to the adjoint representation and such that
€' :g* Ag* — g¢* defines a Lie algebra structure on g*.

An important case of Poisson-Lie groups is when € is exact, i.e., € = dr, r €
gAg.

Let % (g) be the enveloping algebra of g and define three elements:

r2=rel, rM¥=p232P3 B3 _19r cgogqsg,
where P23 means the permutation (2, 3). We write
[l = (1 5r00] + (71202 4 135023

[calculations in A(g) ® A(g) ® A(g) ]. If (G;A) is a Poisson-Lie group deter-
mined by the bialgebra (g;¢ = Jr) then r satisfies the generalized classical
Yang-Baxter equation, i.e.,

adx-[r;r] =0, Vxeaq (2)

Conversely, if r satisfies (2), (g;¢ = Jr) is the bialgebra of the simply
connected Poisson-Lie group (G;A4).
Suppose r satisfies (2). Let

g€G, AYg)=T.Lg-r, A(g)=T,R;-r

be left- and right-invariant skew-symmetric two-tensors defined from r by left
and right translation, respectively. The tensor A of the corresponding simply
connected Poisson-Lie group (g;¢ = dr) is then

A=A — 4.

A subcase of the preceding is when r satisfies the classical Yang-Baxter
equation:

[r;r] =0.

The bialgebra and corresponding Poisson-Lie group are in this case called
triangular. 4% and A separately define invariant Poisson strucures on G (but
not Poisson-Lie structures!), such that 4 = A¢—A" is the Poisson-Lie structure
on G.

By our understanding of some of Drinfeld’s work, the quantization of a
triangular Poisson-Lie group could be the starting point for a general theory
of quantum groups.
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2. The notion of star product was systematically set out in refs. [8,11].
See refs. [12,13] for the theorem of existence of star products on arbitrary
symplectic manifolds.

Let (M;A4) be a Poisson manifold, and let C*(M)[[Ah]] be the algebra
of formal power series in # with coefficients in C>=(M). A star product is a
bilinear mapping

C*® (M) x C®(M) — C®(M)[[4]]
such that

pry=9-v+> Cilp;y)h', (i)

i=1
where C; is a bidifferential operator on C* (M), with no constant term on each
argument, that is, C;(1; ) = Ci(p;1) = 0, and hence gpx1 = ¢, 1xy¥ = y;

(pxw)xx =0 (w=*x), (i1)

PY_YP — (s} + Opiwsh). (iid)

A star product is thus an associative deformation [9-11] of the usual algebra
of functions in C*° (M) where the two-cochains C; are bidifferential operators
as above. The natural setting for the development of star products theory is the
null-on-the-constants differential Hochschild cchomology. See refs. [10,11,13]
for some results on this cohomology which we will need for this work.

Clearly, a star product is linearly defined on C* (M) [[A]].

Topological considerations aside, a Poisson-Lie group (G;A4) can be said
to determine and be determined by its usual commutative and non-co-
commutative Hopf algebra (C*(G);-;4) satisfying (1).

To quantize (G;A4) we should first endow C*(G)[[4]] with a non-com-
mutative, non-co-commutative Hopf algebra structure, where the coproduct 4
is the same as that of C*°(G) and the product, *, is a star product. When
topological considerations are set aside, a quantum group can be defined as
this Hopf algebra. See refs. [24-26], where in particular deformations of
C*-algebras are considered.

3. The problem is thus to get * products on (G; A4) such that the compatibility
relation

d(p*xy) = doxdy (3)
is satisfied. The star product on the right-hand side is canonically defined on
C®(G) & C>®(G) =C*®(G x G).

In this work we consider the case of a triangular Poisson-Lie group

(G; A) defined by a solution r € 42(g) of the classical Yang-Baxter equation
[r;r] =0.
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Let (G;A%) be the left-invariant Poisson structure on G defined by r, i.e.,
At = T,L -r. Let ¢ be a left-invariant star product on G. In particular we

have :

[ Y ¢
VPP — ow) +0pwsh).

As we will see below, ¢ is defined by an element

F(x;y) =1+ ) F(x;y)

i=1
in A(g) ® A(g)[[~]] such that
F(x+y,z)F(x;y) =F(xy + 2) F(y; 2), (4)

where + means the action of the usual coproduct of U(g).

This is a form under which Drinfeld considered star products in his theory
of quantum groups or more specifically in the theory of the Quantum Yang-
Baxter Equation (QYBE) with no spectral parameter [15].

Let

Ci(o;w) = (Fi(x;y)) (9 @ w),
where (F;(x;y))¢ is the left-invariant bidifferential operator on G, determined
by Fi(x;y) € U(g) ® A(g). Left invariance of +¢, or of (F;(x;y))* means that

Le(p*xy) =LgpxLoy, VgeG

[but not yet (3)!], where (Lg¢)(g') = ¢(g - g'). Right translations define
similar objects, *'and A" = T,R-r. There is thus a unique element H(x;y) €
A(g) ® A(g) [[A]] satisfying

Hx;y)H(x +y;z) = H(y;z) H(x;y + z), (5)
and such that two-cochains, C;, in ™ are defined by
Cilo;w) = (Hi(x;y)) (e ® ). (6)

In particular, if F(x;y) satisfies (4), F~!(x;y) satisfies (5) and, by (6),
defines a right-invariant star product on G.

On the basis of work by Drinfeld, Takhtajan [23] considers the following
expression:

pry = (F ' (x)(F(xp) (pew).

We will here prove that * is a (definitely non-invariant) star product on G
which satisfies (3).

We remark that, if in (G;4) G is abelian, then 4 = Qand p* ¥ = ¢ - .

Drinfeld obtains a *-product on (G; 8;) where f, is now an invariant sym-
plectic structure [which suffices to obtain *-products on triangular Poisson-Lie
groups (G;A) or *‘-products on a Poisson group (G;4°)] by straightforward
generalization of one way of getting the usual Moyal *-product on (R2"; ;).
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Specifically taking g = g xp, R as the central extension of g by the two-cocycle
B, Drinfeld defines an integral, containing the Campbell-Hausdorff groups of
g and g, on an orbit of the coadjoint representation of the simply connected Lie
group G. In the case G= R?", this integral is exactly the integral expression of
the Moyal x-product in the p and ¢ coordinates [3,4]. See ref. [16], where the
authors clarify this construction. See refs. [20,21] for a detailed development.

Another theorem by Drinfeld can be stated as follows (see refs. [15,20]):

Any *‘-product on (G;f;) is equivalent to one obtained in the foregoing
construction by considering the central extension of g, = g xg, R with a de
Rham invariant two-cocycle f; on G of the form

Brn=Pr+hBy+ -+ kB,

where B;, { > 2, are any invariant cocycles and k is any natural number.
Again, the notion of equivalent extensions allow us to choose B, i > 2, in
some fixed supplementary space of the space of exact two-cocycles. To prove
this theorem we require in particular:

(1) the isomorphism between the cohomology defined by the Schouten
bracket of (G; 8;) and the de Rahm cohomology as stated in ref. [19];

(ii) theorem 2 in this article, which states the cohomological meaning of
the QYBE.

4. The relation between star products and the QYBE is as follows. Let F (x;y)
define a *‘-product on G (and hereafter designate this invariant *‘-product).
Define, as Drinfeld does,

S(x;¥) = F~'(y;x) F(x;9); (7)
we then have
S(x;9)S(x;2)S(y;z) = Sy 2) S(x;2) S(x3),
S(x;) S(y;x) = 1,
that is to say, S(x;y) satisfies the triangular QYBE on f(g)[{A]].

We prove this theorem by Drinfeld below. See also refs. [15-17]. Conversely,
we here prove the following theorem by Drinfeld (see refs. [15,18,17]):

Theorem 1. Let r € End(R" x R")[[h]] satisfy
R12R13R23 ___R23R13R12

R12R21 =1.

Then:
(i) There is a *'-product F(x;y) on the Lie group GL(n;R) such that, if
S(x;y) is as in (7), we have

(P®P)S =R, (8)
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where
P:gl(n;R) — End(R")
is the natural representation of the Lie algebra gl(n;R).
(ii) Any other xt-product F'(x;y) which satisfies (8) is equivalent to F (x;y).
That is to say, there is an

E(x) =1+ ) Ei(x)h' e U(g)[[A]],
i=1
such that
F'(x;y) = E-'(x + y) F(x;») E(x) E(»).

Moreover, E(x) can be chosen so that PE = 1.

To prove this theorem, we first need to prove theorem 2 below.
If d means the differential in the invariant Hochschild complex on G, 7% (qa),
relation (4) is equivalent to the set of relations

dF (x;y;2) = ay(x3p52), 1 =1,23,..., (9)
where
@ (x;y;2) = Y [Fi(x +y:2) Fj(xp) - Fi(xy + 2) Fi(r;2)].
by
Suppose now that these relations are satisfied with / = 1,2,... ,k — 1. Then

Gerstenhaber’s theory [9,11] states that a; (x;y;z) is a three-cocycle in the
foregoing cohomology. But, from a theorem by Vey and Lichnerowicz we have

ar(x;y;z) = Aar(x;p;z) + dE (x;y; 2), (10)

where Aoy (x;y;z) is the skew-symmetrical part of o (x;y;z) (which is a
three-tensor on G), and where Ej (x;y) is a two-cochain. Thus (9) is also
satisfied with / = k if and only if o4 (x;y; z) is exact. With these notations
(see section 7 below), we prove the following [18,20].

Theorem 2. Let o
F(x;y)=1+) F(xy)h
i=1
be an arbitrary element of U(g) @U(g) [[~]] and S (x;y) = F~1(y;x)F (x;y).
Suppose F(x,y) is a star product to the order k — 1, and hence satisfies (9)
withl = 1,2,... ,k — 1. Then in the Vey-Lichnerowicz splitting (10), we have

Aok (x;y;2) = =[S ) S(x32) S(v;2) = S(;2) S(x;2) S (x5 9) 1k

where the right-hand side means the coefficient of h* in the formal series
defining the bracketed term.
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Definition 3. We call the relation
[S(x;¥)S(x;2) S(y;2) =S 2) S(x;2) S(x59) ke = 0 (11)
the QYBE to order k.

Corollary 4. The star product to order k — 1 in theorem 2 can be extended to
a star product to order k if and only if the corresponding QYBE to order k is
satisfied.

5. We end this Introduction with some words about the originality of our
contribution. In our knowledge, the proofs given here do not appear in the
literature, except for the relativily easy theorems 9, 18, see refs. [16,23]. In our
understanding, theorem 2 is basic to Drinfeld’s work [15], but it is not stated
there and no reference is given to results of the theory of star products or,
what at this point is the same, to results on invariant, differential, Hochschild
cohomology on a Lie group. We believe, nevertheless, that this theorem was
deeply understood by the author of ref. [15], when this reference was written.

6. An important theorem in the theory of star products was proved for the
first time by M. De Wilde and P. Lecomte in ref. [12]. It states that on an
arbitrary symplectic manifold there exists a star product. See ref. [13], where
additional results are also obtained.

2. The triangular quantum Yang-Baxter equation

1. Let V be a real vector space and R an element in End(V ® V). Let us
define the following operators:

R'2cEnd(Ve®VQ®V), R!Z=ReI,
RY¥ ecEnd(VeVeV), R3=I®R,
R e€End(VeQV®V), R!3=p23RI2p23

The triangular Quantum Yang-Baxter Equation (QYBE) with no spectral
parameter is by definition the system of equations

R12R13R23=R23RI3R12, (1)

R12R21=I, R21=P12R12P12. (ll)
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2. Drinfeld’s idea was to look for solutions of (i) and (ii) in the space of
formal power series in A with coefficients in End(V® V). If

R=1+) rh', rieEnd(VeV),

egs. (i), (ii) are to order A% and h!, respectively,

P23 g 223 4 13,23 23,03 23,00 32 (iii)
Nty =0; (iv)
that is to say,
[ 5r 4+ 5P+ %P1 =0, (v)
(vi) = (iv). (vi)

Clearly, these equations have a meaning on any Lie algebra g and not just
on gl(n;R). If products are considered in the enveloping algebra A(g), and if
we put S| € gAg in place of r;, we can write

S12813 4+ 812823 4+ 5138523 = 533513 + S238)% + 813802, (iii)
81248 =0. (iv')

Then we look for

SeUQ) ®AWQI[[A]], S=TI+ Sk,

such that the QYBE is satified in %(g)®3,
SlZsl3s23=S23sl3sl2 (1/)

S1282t = 1. (ii')

Equations (i) and (ii) are now obtained by considering some representation
n : A(g) — End(V) and by defining R = (z ® 7)S. The problem is then
to solve (i’) and (ii’). The theory of invariant star products on a Lie group
provides that solution.

3. Invariant differential operators on G

1. Let T,G be the vector space tangent to G at the unit ¢ of G. If x € T,G,
then X! and X7 are vector fields on G generated from x by left and right
translations,

X'(g)=TLyg-x, X'=T,R;-x, VYgeG;



C. Moreno and L. Valero / Star products and Lie groups 377

if y € TG, there is [x;y] € T,G such that
[X5Y(g) = ToLg - [x3y],

[XY")(g) = —TeRg- [x;¥].

The Lie algebra g of G is the vector space T,G endowed with the bracket[ ; ].
Let D! (G) be the associative algebra generated by vector fields X¢, x € T.G.

This is the algebra of left-invariant differential operators on G. In the same

way, let D'(G) be the algebra of right-invariant differential operators. Let

T(g) = Peo - ®9
k=0
be the tensor algebra on the vector space g, and J the bilateral ideal generated
by the relations x ® y — y ® x — [x;p]. The enveloping algebra %(g) is by
definition the associative algebra U(g) = 7(g)/J. The mapping x — X*
extends to an algebra isomorphism from %(g) to D¢ (G). In the same way, if
NA(g)° is the opposed algebra to U(g), the mapping x — X' extends to an

algebra isomorphism from A(g)°® to D*(G). Thus if x-y---z is a product in
A(a), we then have

(x.y...z)e =xt.ye...ze’

(x.y...z)r= zr...yr.xr_

The mapping
g—g®g, Xx—x®1+11x,

is linear. It extends in a unique way to a homomorphism of algebras,
c:A(g) — Ag) ® U(a).
This mapping ¢ is the coproduct of A(g).

Remark. Let ¢, v be two elements in (*°(G), and x € g; then

Xtp-y) = (cx))(poV),
X(p-y)= (cx))(p®VY).
It will be convenient to introduce the following usual polynomial notation for
elements in U(g). If {e;, i = 1,...,n} is a basis of g, we will write
xi=e®lele--®le (i=12..,n)),
whatever the number of 1’s. Thus

xieU@) AQ) ® - .
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We will also write
yi=106Q1®---®1®---, y,€UQRA@QG)®---,
and then
zi=191Q6®1Q---®1®---,

i =1010106Q1®---®1®--,

etc. Elements x commute with elements y, but if i # j, x; and x; are in general
non-commuting. The same is true for y, z,... etc. An element 4 € A(g) @U(g)
can then be written as a polynomial in the variables x, y,

4= Za(unu)e{"---e,’,‘"®e’('-..e;~

=D aww X' xm Yy
We can write
c(x;)) =(ei®1+1®e)®1® - = Xxi + )i,
sO
e(xft - xpm) = O+ y)H s (e + ya)P
If P(x) € A(g), we consequently have c(P(x)) = P(x + y).

2. Let A be an element in U(g), and A! € D! (G), A® € D(G), the cor-
responding invariant differential operators. The invariance properties are ex-
pressed as

(A'f)oLg = A'(f o Ly), (A"f)oRg = A(foRy,),
Vg, eG, [felC>®(G).

In a more convenient notation, we will write
A& &) g &) = A&) flga- &),

A (g - &) f(g-&) = A (&) f(&1-&).

Lemma 5. Let x|, - x, be elements in g. Then
(x1--%0) (81) (f o Rg,)(81) = (x1++-Xx0)"(82) (f © Lg, ) (&2).

Proof.
(x1---xn) (81) f(81-8) = x{ (&)~ x0(&1) (g1 &)

d d
= EZ"'d_z,.f(g' - €Xp ) X| - €XD 12Xz - €XP tnXn - 82) |ty = =12 =0

Xp (&) - xi (&) f(&g-8) = (x1--x) (&) f(&-&). a
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B(x;y) =) Bilx;y) k', Bolx;y) =1,

i=1

be an element of A(g) ® A(g)[[#]] and B! , B the corresponding invariant
bidifferential operators. We will write

o0 o0
B'(g;8) =) Bl(g:g)h', B'(g:g) =) Bi(g;g)h'.
i=0 i=0

We write the inverse of the formal power series B (x;y) as

(B~ (x;y) = ) Bi(x;y) h';
i=0

consequently
(B~')(g:8) = Y _Bi(g:g)h'.
i=0
Lemma 6. With notations as above and ¢,y € C*(G), we have
((B™') oB") (g1 828 -2) (p(g-82)Qw(g &)

= (B (g1;8) (B ) (g2 &) (p(g1- &)@ w(g-8)).

Proof. The left-hand member is equal to
(B (g &8 -2) B (g 8:8 &) g &)ovig &)
= (B )(g - 858 &) B (p®y))(g - 88 -8)

(B~ (g1;81) - (B oow)) (g 858 82)

= (B~ (g;8) B (88) (98- &) @w(g - &),

where only the invariance properties of (B~!)" and B’ have been used. [J

Lemma 7. With notations as above, we have
(B~ (g1;81) - (BY(g1;81)
(BN (g2 82) - B (g2:2) (p(81-82) ®wi(gr-82)

= (B~ (g1;8) - (B') (82 82) (p(g1- &)@ W(gi - 8)).
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Proof. Let y be an element in C*(G x G). We have
B'(gi;81) - (B™1)(g2;8) - x(81- 82 81- &)
= B'(g1;8) (B (g1;81) x(&1- 82 81 - &)

(BoB Y)Y (g1;81) =x(81- 8281 8),

where lemma 5 has been used. O

From the latter two lemmae, we obtain

Lemma 8. With notations as above
(B~ oB') (g1 8258 8) (p(g1-&)@Y(g - &)) (12)
= ((B™) 0 B")(g;81)- ((B™)"-B)(g1:8) (p(&1- &) ® W (g -8g2)).
We can write this result in terms of the coproduct
4:C%(G) — C®(G)RC™(G), ¢ — dyp,
40(81:82) = ¢(&1- &) .

We have thus obtained

Theorem 9. With notations as above, we have
A[((B~H o BY) (pow)] = ((B~") B! (dpody), (13)
where the right-hand side is, by definition, the right-hand side in lemma 8.

We will apply this theorem in the next section. When B = F is a star
product the theorem will prove the fundamental property (3).

4. The invariant differential Hochschild cohomology

I. Let M be a > manifold. The Hochschild cohomology is defined as
follows:

Definition 10. A p-cochain is a p-linear map
C:C®M)x £ xC® (M) — €=(M),

(Si5-.5 ) — CUhs- 5 ),

defined by a differential operator on each argument with no constant term.
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Let CP = CP(C*°(M)) be the vector space of these cochains.

Definition 11. The cohomology operator is defined by
d: ¢ -t c—dc,
where

aC (fo; fis---50p) = fo- Cfi5-. 5 /)

+ Y DCUnfis- s fimt - S fiwtieo 3 Jp)

i=1
+ (=D"*'C (S5 5 fm1) o

We then have dod = 0.
Let HP (C>°(M)) = HP (C* (M);C> (M) ) be the pth space in this cohomol-
ogy. We now have the following theorem:

Theorem 12 (J. Vey). The space HP (C°°(M»)) is isomorphic to the space of
contravariant skew-symmetric p-tensors A,(M) on M. This isomorphism is
given by the splitting

a=Aac+dE, a€Cl, da=0, EeCr!,
where A is the operator of complete skew symmetrization. In particular, the
skew-symmetrized part of a p-cocycle is a contravariant (skew-symmetric) p-
tensor.

2. Now let M be a Lie group G. The (left- or right-) invariant Hochschild
cohomology is defined as before, with the additional condition that the multi-
differential operators C on G are (left or right) invariant. We can thus define
the following cohomology, which by left or right translations is isomorphic to
the left- or right-invariant Hochschild cohomology.

(i) The p-cochains are the elements of

AQ) @ --- A(g) .
(ii) The cohomology operator is
d:A@Q)® — A(g)®P+D,

d(u;®---Qup) = 1uI® QU
p .
+Y-Diuye-ocu)® - 0u,
i=l

+ (D" e ®u,e1.
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Hencedod = 0.
We now have the following

Theorem 13 (A. Lichnerowicz). Let p = 2,3. The pth space of the invariant
Hochschild cohomology on G is isomorphic to the space of invariant- skew-
symmetric p-tensors on G. This isomorphism is given by the splitting

a= Ao + dE,

Where a is an invariant p-cocycle, and where E is some invariant (p—1)-cochain.

Concerning the isomorphism in this theorem, see also ref. [27], pp. 5-15 to
5-18.

5. Star products on G

1

Definition 14. A (left- or right-) invariant star product on G is a bilinear
mapping on C®(G)[[A]] with values in this space defined in the following
way:

() If ¢, y € C2(G),

pxy =) Cilp;w)h', Co=1,

i=1
* 1s linearly defined on C*(G)[[A]].
(ii) C; is an invariant bidifferential operator on G such that

Ci(p;1) =Ci(l;9) =0, Vo eC>(G).
(iii)
(pxy)xx =px(yx*x).
If C; is left invariant, there is a unique F; € A(q) ® A(g) such that
Cilo;v) = (Fi(x;y)) (9@ w).

Similary if C; is right invariant.
We then have

(pry)xx =Y Ciloxys)hi= ( > Cj(Ci(¢§W);X))hm,
j=1

m=0 \i+j=m

px(wxx) = Y ( > Cj((”ZCi(W;X)))hm-
m=0

itj=m
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If (iii) is satisfied, we must have (vm = 1,2,3,...)
Y. CiCilgsw)ix) = Y Cile; Cilwix)) . (14)
i+j=m itj=m
But
Cilo;w) = (Fi(x;9) (e vw).
Relation (14) is then equivalent to
Y (Fix +y;2) Fi(x;9)) (9@ w @ %)

i+j=m
= Y (Fay+2)Fxsp) (eowex),
i+j=m
and the following equality ensues:
Y. Fix+y2)Filx;y) = Y Filsy+2)F(z) (m=123,...).

i+j=m itvj=m

Proposition 15. There is a bijective map between left-invariant star products on
G and the elements

F(x;p) =14 Y Filx;y)h' € %(g) @ U(g) [[~]]
i=1
satisfying relations (4):
Fix+y;z2)F(x;y) = F(x;y + z) F(y;2).

In brief, F(x;y) is then a left-invariant star product on G.
2. If, in definition 14, the star product is right invariant, C; determines a
unique element H;(x;y) € A(g) ® A(g) such that '
Cilp;w) = (Hi(x;9)) (e ®W).

Similarly, we prove

Proposition 16. There is a bijective map between right-invariant star products
on G and the elements

H(x;p) =1+ Y Hi(x;y)h' €¥(g) @ U(e)[[4]]
i=1
satisfying the relations

Hx;y)H(x 4 y;2) = H(y;z) H(x;y + z). (15)
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Proposition 17. Let F (x;y) be a left-invariant star product on G. Let H(x;y) =
F-Y(x;y). Then H (x;y) is a right-invariant star product on G.

Proof. Let us take inverses in relation (4). Then refer to (15). Note that
F ' (x+yz)=(F(x+y;2)) " a

Define, as Takhtajan [23] does,

orw = (F ' x;9) F(x;0)) (e w). (16)
We then have

(p*y)*x
= [F'(x50) Fep) 1HEFE T (sp) Fxsp) (po ) ®x]
= (F x4+ 32 Fx +3;2) FTH ) F(9)) (p @ W ©X)
= (F' x4+ y2) F Uy Fix+y,2) F(x;0))) (pow®))
= (F'0s») F ' x +3:2)) (F(x +3:2) F(x9) (9@ W %)
= (F'O ) F ' oy +2) (FOuy + 2)F2)) (9o v ®%)
= (FT' 6y + 2) Fy + 2 F 3 2) Fi2) (9@ y 8X)
= [F ') Fs)f e e (F ) F ) (wex)]
=px(W*x). =

3. Now, in lemma 8, let B be a star product F. Then the right-hand side of
the equality in the lemma is 4¢ = Ay . Hence, in this case, theorem 9 reads

A(p *y) = do * dy .
We have thus proved
Theorem 18. Let F (x;y) be a left-invariant star product on G. Then F~!(x;y)
is a right-invariant star product on G and
pry = (Fxy) F(xn) (9ow), ¢ yeC™(G),
is a star product on G. The coproduct
4:C°(G) —C®(G)®C™(G) =C*(GxG)

is a morphism of the non-commutative algebra (C*°(G)[[h]], *) to the non-
commutative algebra (C*(G) & C®(G)[[#]]; *).
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Remark. Theorem 9 is true without reference to star products. This remark
will prove very important when one extends this work to the quantization of
quasi-triangular Poisson-Lie groups.

6. Invariant star products on G and the quantum Yang-Baxter equation

1. Let F(x;y) be a left-invariant star product. Drinfeld considers the series
[15]

S(x;¥) = F~'(y;x) F(x;)
and states the following theorem, which we will prove below. (Also see ref.
[16].)
Theorem 19. The element S(x;y) satisfies the QYBE (i’), (ii”).

Proof. By hypothesis, we have
F(x+y;2) F(x;y) = Flx;y+ 2)F(y; z). (17)

We first remark that a similar relation holds for any permutation of (x,y, z).
Clearly we have

Fx+y;2) F(y;x)S(x;p) = F(x;y + 2) F(z,¥)S(y; 2) .
And from the above remark

F(y;x + 2) F(x;2)S(x;9) = F(x + z;p) F(x;2) S(»v; 2) .
Again
F(y;x +z)F(z;x)S(x;2)S(x;p) = F(x + z,y) F(z;x) S(x;,2) S(»; 2),
and in the same way
F(y + z;x)F(y;2)S(x;2) S(x;p) = F(z;x + ¥) F(x;¥)S(x;2) S(y; 2) .
Then

F(z +y;x)F(z;)S(r;2) S(x;2) S(x3)

= F(z;y + x)F(y;x)S(x;y) S(x;2) S(y; z) .

By using (17) again, we obtain relation (i'). ]

7. The cohomological interpretation of the quantum Yang-Baxter equation

1. Let F(x;y) be an invariant star product as in proposition 15. Relation
(17) is equivalent to the set of relations (m = 1,2,3,...)

Fplx+y;2) + Fu(x;y) -Fu(x;y + 2) —Fa(y;z) = —am(x;y;2),
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where
am(x;932) = Y [Filx +y:2) Fj(x;9) = Fi(x;p + 2) Fj(y; 2) 1.
i+j=m
i1

In terms of the complex (7%(g);d), these relations are

dFp (x;y;2) = am(x;y;2) (m=1,2,3,...).

Definition 20.Let F (x;y) be now an arbitrary element in U(g)®2[[A]],
F(x;y) =1+ Y F(x;p)h. (18)
i=1
It defines an invariant star product to order (m — 1) if

dFi(x;y;2z) = ailx;y;2z) (i=1,2,...,m-1).

Theorem 21 (Gerstenhaber). If (18) defines a star product to order (m — 1),
am(x;y; z) is a three-cocycle. This star product can be extended to order m if
and only if this cocycle is exact.

If we now refer to theorem 13, we have

Corollary 22.If (18) defines a star product to order (m — 1), this star product
extends to order m if and only if Aoy (x;y;2) = 0.

2. Proof of theorem 2 and corollary 4. Let
F(x;p) =1+ Y Flxy)h
i=1

be an arbitrary element of A(g) ® A(g)[[~]]. We consider the following
expressions:

X(x;y;2) =S(x;9)Sx;2) S(y; 2) —S(p;2) S(x;2) S(x;p),

Y(x;y;2) = F(x +y;z2) F(x;y) - F(x;y + z) F(y; 2), (1)
Fx+y;2) F(x;) =Y(x;p,2) + F(x;y + 2) F(y; z), (i1)
F(x;y+z)F(y;z) = Fix +y;z) F(x;y) - Y(x;y;2). (iii)

From (i) we obtain

Y(x;y;2) =F(x +y;z) F(3;x)S(x;¥) = F(x;y + z) F(z;9)S(y; 2),
(iv)
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and from (ii) and (iii) we obtain
F(x+y;2) F(y;x) =Y(y;x;2) + F(y;x + z) F(x;2), (ii")
Flx;y+2)F(z;y) = F(x + z;y) F(x;2) - X(x; ;). (iii’)
Given (ii’) and (iii’), (iv) becomes

Y(x;y;2) =Y (y;x;,2)S(x;) + Y(x;2,9) S(y; 2)

+ F(y;x +z) F(x;2)S(x;y) —F(x + z;y) F(x;2) S(y; 2) .

(v)
If we now define
M(x;y;z) = Y(y;%;2) S(x;9) + Y (x;2,9) S(p; 2),
equality (v) becomes
Y(x;y;2) =M(x;y;2) + F(y;x + z) F(z;x) S(x;2) S(x;)
—F(x+ z;y) F(z;x)S(x;2) S(y; 2). (vi)

But from (ii) and (iii),
F(z+xy)F(z;x) =Y(z;x59) + F(z;x +y) F(x;y), (ii")
F(y;z+x)F(z;x) =F(y + z;x) F(y;2) - Y{py; z; X),
(iii")
and from (vi),
Y(x;y;2) =M (x;y;2) = N(x;9;2) + P(x;y;2) — Q(x;p;2),
(vii)
where
N(x;y;2) = Y(y;2;x) S(x;2) S(xsp) + Y(z5 %) S(x;2) S(y; 2),

P(x;y;z) = F(y + z;x) F(z;)S(»;2) S(x;2) S(x;y),

Q(x;y;z) = F(z;x + ) F(y;x)S(x;9) S(x;2) S(y; 2) .

By separately considering the terms of the formal power series in the identity
(vii), we see that

— There is no term in A°.

- The term in A! is

Yi(x;y;2) = My(x;y;2z) — Ny (x;y; 2)
+F@+z:x)+ Fi(zp) +Si1(r;2) + S1(x;2) + Si(x; )

—F(z;x+y)-Fx)-S1(xy)-Si(x;2) -Si(y; 2).
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That is to say,
Yi(x;y;2) = Mi(x;y;2) — Ny (x;p;2)
+ Ry +z;x)-Fi(z;x + ) + Fi(z;p) - Fi(y;x).
But
M (x;y;z) = N(yix;z) + Yi(x;23p),
Ni(x;y;2) = Yi(ys25x) + Yi(zx0p),
Y (z;y;x) = Fi(y + z;x) + Fil(z;9) - Fi(z;x + y) = Fi(y; x) 5
thus, we obtain
Yi(x;p52) = i(ysx;2) = Yi(x; 23 9)
+ Y (y;z;x) + Nz x59) = Y (z;p;x) = 0.

That is to say,
AY (x;y;z) = 0.

Thus, the above relation is satisfied for any F(x;y). This is an interesting
triviality. In fact, from the definition of Y (x;y; z), we have

Yi(x;y;2) = Fi(x;y,2) + Fi(x;y) —Fi(xy + 2) - Fi(y; z)
= dF\(x;y;z).

Y, (x;y;z) is then an exact cocycle; AY,(x;y;z) = 0 must be satisfied ac-
cording to theorems 12, 13.
— The term in A2 is

Yo(x;p;2) = Ma(xyp;52) — Na(x3952) + Pa(x;52) — Qa(xip52),
where
P(x;y;z) = [F(y + z;x) F(z;p) S(3;2) S(x;2) S(x30) ]2,
Q(x;y:z) = [Fz;y + x) F(y;x) S(x;¥) S(x;2) S(y;2) ]2
Then
My(x;y;z) = Y (y;x;2) S1(x;p)
+ Y2(y;x;2) + Ni(x;952) $1(;2) + Ya(x;239),
N(x;y;2) = Ya(y;2;x) + Y (y;25x) [S1(x;2) + S1(x5)]

+ Ya(z;x39) + Yi(zx;p) [Si(x;2) + Si(y;2) ],
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P(x;y;2) = [F(z+y;x) F(zp) ]2 + [SO;2) S(x;2) S(x3) 12
+ [Fz+yx)F(z0) - [S(r;2) S(x;2) SO y) 1,
Q(x;y352) = [F(z;x + p) F(3;2) 12 + [S(x;0) S(x;2) S 2) |,
+ [F(zx + ) F(x) 11 - [S (6 p) S(x;2) S(y;2) 14
And hence
hixy;z) = Hi(y;x2)S1(xy) + Ya(y;x;z2)
+ Yi(x;2;9) 81 (y;2) + Yalx; 23 p)
- Yy zx) [Si(x52) + Si(x;p)]
= Yi(z;x;9) [S1(x;2) + Si(x;p)]
-1 (y;z;x) - Talz5x3p) + Yalzyp;x)
+ Yi(zyx) [S;x) S(x;2) S(x;9) 11 = Xa(x;p52) .

But if now we suppose F(x;y) to be a star product to order 1, definition 20,
we have
Yi(x;9;2) = -dFy (x;y;2) =0,
and so, by this hypothesis,
Y,(x;y;2) = Yy x;2) — Ya(x; z3p)
+ Y2(y;z;x) + Ya(zyxsp) + Yoz, x) = = Xa(x;p;52).
That is to say,

6AY>(x;y;2z) = —[S(y)S(x;2) Sy z) —=8(y;2) S(x;2) S(x;¥) ]2

= —[Si;8].
But
hix;y;2) = Fa(x + y;2) + FR(x;9) — Fa(x;y + z) — Fa(y; 2)
+ [F(x+y;z)F(x;y)-F(x;y+z)F(y;2) 14,
and hence

Yo(x;y52) = —dFy(x;p;2) + aa(x;p52).
From this we obtain
6Aa; (x;y;2) = —[S(x;¥)S(x;2) S(;2) = S(y;2) S(x;2) S(x;¥) 13-

We can then assert
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A star product to order 1 (i.e, dF\(x;y;z) = Yi(x;y;z) = 0) can be ex-
tended to order 2 (i.e., 3F, | dF,(x;y;z) = az(x;y;z)) if and only if the
classical Yang-Baxter equation [S1;81] = 0 (S1(x;y) = F1(x;y) - F(y;x))
is satisfied (i.e., the QYBE is satisfied to order 2, X;(x;y;z) = 0).

This result can be generalized by induction to any order.
— The term in ¥, for any k, is

Yi(x;y;2) = My (x;y;2) — N (x39;2) + Pe(x;9;2) — Qe (x5 2) .
But

M (x;y:2) = Yi(y;x;2) + Y Yilyix;2) Sj(x;9)

i+j=k
+ Y (xz0) + Y Yilx;zp)Si(v;2) (5> 0).
i+j=k
If we now suppose that the QYBE is satisfied to order k [that is, if F(x;y)

is a star product to order (k — 1)], we have

Yi(x;v;2) =0 (i=1,2,...,k-1),

and thus
M (x;y;z) = Y (y;x;2) + Y (x;23p)

Ne(x;y:2) = Y (v; 2,x) + Ye(z3x5p)
On the other hand,
Pe(x;y52) — Qr(x;9;2)
= [F(y + z;x) F(z;) ~ F(z;x + ¥) F(y;x) 1«

+ Y [FO+ z0) Fgn]i [SW;2)S(x2) S )],

i+j=k

— Y [F(zx + ) F(;x))i [S(x;9) S(x;2) (33 2)];
i+j=k

= Yi(z;y;x) — Xk (x;¥; 2)

- S F(zy+ 2) Fix) i X5 (3 2)
i+j=k
21

From this we obtain
Ye(x;y;2) = Y (s x52) + Yex; 2, y)

~Y(r;z;x) - Yi(z;x;9) + Y (z, 95 x) — Xix; 05 2) .
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That is to say,
6AY, (x;y;2) = =X, (x; ;5 2).
But
Ye(x;y;2) = —dF (x;y;2) + ar (X33 2)
hence
6Aay (x;y;z) = =X (x;y;2) .

Consequently, a star product F (x;y) to order (k—1) can be extended to a star
product to order k if and only if the QYBE is satisfied to order k.

If we refer to theorem 13, the proof of theorem 2 and corollary 4 is complete.[]

8. A converse of the foregoing theorem
In this section we prove part 1 of theorem 1. That is to say,
Theorem 23. Let R € End(R” @ R")[[h]] be such that the equations
R'2RI3R23 —R2IRIIRIZ ()
R'IR?! =], (ii)

are satisfied. Then there is a star product F(x;y) on the group GL(n;R) such
that if S(x;y) = F~'(y;x) F (x;y) we have

(PeP)S(x;y) =R,

where
P:gl(n;R) — End(R")

is the natural representation of the Lie algebra gl(n;R).
First two lemmae.

Lemma 24. Let i
F=1+) Fk
i=l

be an element of U(g) ® U(g)[[~]]. We write
F'=1+)Y Fhr, Sy =F'x)Floy).
i=1

Then
Foleyy) =1,  Fi(xy) = -Fi(xy), (1)
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E(x;p) = -F(x;p)— Y, Floy) By, 2)
é‘ifﬁz’l
S1(x;y) = Fi(x;y) — Fi(y;x), (3)
Sr(x;y) =F.(x;y) — F-(y;x) (4)

Nt

+ Y. Fix) (Fj(xy) - F(ix) (r=23,...

i+j=r
21521
We rewrite (4) as
Sr(x;y) = F(x;y) = F(y;x) + Re(Fi,... . F_) (X)) (5)

Proof. By straightforward calculations on
F'(x;9)Flxyp) =1, 5(x;y) = F~'(y;x) F(x;9). O

Remark. For our purpose it is important to remark that R, depends only on
F,,... ,F._, because F; depends only on F; with 1 </ <.

Lemma 25. Let F and F' be any two elements in U(g) ® Ql(g) [[A]].Then
(Wforr=1,2,3,...,
Sr(x;y) =S (x;y) = [F(xy) - F(x;9)] = [F (y;x) = Fr(y;x)]
+ R(F{,...,F/_))(x;¥) = R:A(F,...,F)(x;¥);
(i) if
Fi(x;y) = Fl(x;y), i=1,...,r-1,
then S;(x;y) — S;(x;y) is skew symmetric, and in the case g = gl(n;R),
(PRP)[S;(x;¥) =S, (x;¥)] € gl(n;R) ® gl(n;R)
is a Hochschild two-cocycle on the group GL(n;R).

Proof. By a straightforward calculation from (5) in lemma 24. O

Proof of theorem 23. Let F (x;y) be the element to be found. In A(gl(n;R))
we must have

S112S113 +S1125123 +SII3S123_S113SIIZ_S123S112__S123S113 = 0’ (a)

Sit+ 82 =0, (b)
where

S12=8,(x;y) = Fi(x;y) — FL(y; x) € gl(m;R) @ gl(nm;R) .
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If we choose S} 2 = ry, we obtain from (i)
[S1%SP) + [S158P) + [S1%858°) =0,

where the brackets are calculated in gl(n;R) = End(R"). But this expression
can be written as in (a). Clearly, (b) is satisfied. Thus S;(x;y) = r is
skew symmetric, and therefore a Hochschild two-cocycle. We can then define
Fi(x;y) as

Fi(x;y) = 3S1(xy) = ir.

Fi(x;y) is determined in this way by the R given in the theorem.
We now proceed by induction. The hypothesis is as follows. Let

k—1
Flx;y) =1+ Y F(xy)h

i=1
be a star product to order (k — 1), and define
S(x;y) = F'(:x) F(x;9).
We assume that the QYBE is satisfied to order k, eq. (11), and also that
PeP)Si(x;y)=r (i=12,...,k-1),

where r; is given in the hypothesis of the theorem. We must prove that there
is an Fy (x;y) such that

TGy =1+81060) h+ - + Sicy 06y BEY 4 S (s p) B

satisfies the QYBE to order (k + 1). Of course S(x;y) and T (x;y) coincide
to order (k — 1). In fact, the equation

dF, (x;p;2) = ar(x;p;2)

has solutions, because Aay (x;y;z) is the QYBE to order k, which is satisfied
by hypothesis. If we now take any solution Fy(x;y) of this equation, any
other solution will have the form

Fi = Fi + B + dE,
where B, € gl(n;R) ® gl(n;R) is any skew-symmetric Hochschild two-cocycle,
and E; is any one-cochain. From lemma 25
Sk — Sk = 2Bk;
hence _ _
(PRP) (S ~Sk) = 2Bk = Sk — Sk
From S(x;y)S(y;x) = 1 we obtain
Sk0sy) + Skerix) + > Silx;p) S (%) = 0;

i+j=k
i,j>0
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on the other hand,
’/:2 + rzl + Z rierJZl =0;
i+j=k
i,j>0
hence, by induction hypothesis, we obtain
(POP) (Sk(x;p) + Skyix)) = ri2 + 12!,
which we can write as
ni-(PeP)Bi(x;y) = —[rF' - (POP)Sk(y;x)].

Then r}2 — (P®P) S, (x;y) is in gl(n; R)®? and is skew symmetric. It is then
a Hochschild two-cocycle. We take S, as the value

2B = ri? = (PO P) 5, (x;).
We now consider the solution F;, where we set E, = 0,
Fie(x;p) = Fr(x;9) + 3(rf* = (PR P) Sk (x;3)).
From this we obtain
Sk(x;) = Sk (x;9) + (> = (POP)Si(x;)),

where, clearly,
(P®P)Sp(x;0) = rj2.

On the other hand,
Aop 1 (x3p;,2) = =3 [S( )8 2) S 2) =S5 2) S(x52) S (X59) 1w
is a Hochschild three-cocycle (theorems 2, 13). Then
Ack,1(x;y52) = (POPAP)Aak,1(x;y;2)
= —L(R'2R!3R23 _ RZ3RIIRIZ), | = 0.
The proof of the theorem is now complete. O

To prove part (2) of theorem 1, we need some basic facts about the
equivalence of star products and a few preliminary properties.

9. Equivalence of invariant star products on G

Definition 26. Let o
F(x;y) =1+ ) Fi(x;p)h,

i=1
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Fl(x;p) =14+ Fl(x;y) b,
be any two elements in A(g) ® A(g)[[~]]. We will say they are equivalent if
there is some element

E=1+)Y Eh eU@)([h]] (19)
i=1
such that
E(x +y)F'(x;y) = F(x;y)E(x)E(y).

Expanding the latter expression, we obtain
Proposition 27, Elements F (x;y) and F'(x;y) are equivalent if and only if
Filx;y) = Fe(x;p) + G(x;y) = dEp (x;y) (k= 1,2,3,...),

Gi(x;y) =0, (20)
where

G (x;¥) =G (Ey,... ,Ex-i; Fi, .. s F_ 3P, o) (x39)

= Y [Eilx +»)F/(x:y) - Fi(x;0) Ej(y) = Filxp) Ej(x)] - (21)

i+j=k
- Y E®EW - Y Ey)Ex)E®Y) Gjl>1).
i+j=k i+j+1=k

We should remark that Gy (x;y) is defined by means of Ej, Fj, F] with 1 < j <
k-1

Definition 28.Let F, F’ be two given elements in A(g)®2[[A#]], and suppose

there are E,,...,E, € U(g) such that (20) is satisfied with k = 1,2,... ,m.
We will then say that F and F' are equivalent to order m.

Proposition 29. Suppose now that F(x;y) is an invariant star product. Let
E=1+) EH (22)
i=1

be an arbitrary element in U(g)[[h]]. Define F'(x;y) by the relation
F'(x;y) =E " (x+p)F(x;y) E(x)E(y).

Then F'(x;y) is an invariant star product.
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Proof. We have
F'lix+p;2) =E' (x+y+2) F(x +y;2) E(x + p) E(2),
Fl'(x +y;z) F'(x;y)
=E ' x+y+2)F(x+y;2) F(x;y)E(x)E(y) E(z).
In the same way, we obtain

Flix;y+z)F'(y;z)

=E ' (x+y+z2)F(x;y+2)F(y;2) E(x)E(y)E(z),
but F(x;y) satisfies (4), and hence F'(x;y) as well. O

In view of this proposition the notion of equivalence of star products
becomes meaningful.

Definition 30. (i) Two star products F and F’' are equivalent if they are
equivalent elements in the sense of definition 26.

(i1) They are equivalent to order m, if F and F' are equivalent elements to
order m in the sense of definition 28.

2. Let F and F’ be two star products. Suppose they are equivalent to order
k,thatistosay (i = 1,...,k)

F}I_E + Gi(Ely"- 9Ei—l;F}l’-" aF},_l;Fl)-" ’F}—l) = dEi'
We know from refs. [9,11] that the two-cochain
Fkl+l _Fk+l + Gk-H(El:--- ,Ek;Fl',... ,FkI;Fl,... :Fk)

is a two-cocycle.
From theorems 12, 13, there are 4, € /‘\Z(g) and E;,; € U(g) such that

Flé+l —Fk+l + Gk+|(E|,...Ek;F{,... ,F,:;Fl,... ,Fk)
= hk+l + dEk-H . (23)
We have

Proposition 31. Two invariant star products F and F' which are equivalent to
order k are equivalent to order k + 1 if and only if hy .\ = 0 in expression (23).
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10. A few preliminary lemmae

Lemma 32. Let F and F be two elements in %(g) ® U(g) [[h]] such that
E(x +y)F(x;y) = F(x;y) E(x) E(y),
where E is as in (22). Define
S(gy) = F'0x) F(xy),  Say) =F  (nx)Floy).
We then have
(i)
S(x;y) = ETN(x)ET'(y)S(x;») E(x) E(y),

E7'(x) =1+) EH (EE'=E'E=1);
i=1

(i) forr = 1,2,3,...,
Si(x;y) = E,(x) + E,(y) + S,(x;) + E.(x) + E ()

+ > Eay) Ei(xy) Sc(xy) Ef(x) Es(y);
i+j+k+l+s=r
i,J.kdsr
(iii) we will write the expression in (ii) as

Sy =S8+ B(El,... . E_1381,--- ,S—i;E1, ... Ey).
Proof. We obtain these expressions by straightforward calculations from the
definitions. In (iii), we have used
Er+Er=_ZE[Ek (lZl,kZl) D

l+k=r

Remark. Note that the term B,(.--) in (iii) is a sum of products of E; and
S; (1 €£i <r-1). In each one of these products, there is at least one E;
(1 <i<r-1), but they need not contain an S; (1 <i<r-1).

Lemma 33.Let F, F’' be as in lemma 25(i). We assume they are equivalent to
order k. Then (r = 1,2,3,... k)
§1(x;¥) = 8 (x;¥) = =[G, (x;¥) — Gr (y; x)]
+ R (F{,...,F/_))(x;¥) =R, (Fi,... ,F_1)(x;p) (24)
(R =G, =0=S8] =5).
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Proof. From definition 28, we obtain
F,!—Fi = G,' +dE; (i=1,... ,k).
If we now refer to the expression in lemma 25(i), we obtain eq. (24). Recall
that G;(---) is defined by expression (21). O
Lemma 34. Let F and F' be two star products which are equivalent to order k.
That is to say, we have
F-F+G=dE; (i=1,...,k-1), (a)
Flc'+1_Fk+l+Gk+l =hk+l + dEg,,, (b)
where hi,., € N*(a) . Then
Ste1(6Y) = Sep1(65¥) = 2k (6 Y) + Ak () O y),
where
Ak+l(Fl)"' 3Fk;F[,)--- :Flé;El)"' aEk)(X;.V)
= —[Gry1 () (X59) = Grg (-2 ) (¥5 %)
+ Rip1 (Fi,... , F)(X39) — Rey i (Fr,... B ) (s p).

Proof. We substitute (a) and (b) in (24), and we write r = k + | in lemma
25(1). 0

Lemma 35. Let F and F' be two star products which are equivalent to order k.
Let the element
E=14+Eh+- +Eh* %) [[h]]

be responsible for the equivalence. Consider the star product F, equivalent to
F, defined by

F(x;9) =E'(x +y) F(x;9) E(X) E(y).
Let S and S be elements defined in lemma 32. We then have

F/=F;, (i=12,...,k), (a)
Ske1(6») =Sk (69) = Beg 1 (Ery oo EG S S EL L ER) (G Y)
(b)
where
Bis1 () (x;9) = > Ei(x) E;j(») Sr(x;y) B (x) E/(»),

i+j+r+l+t=k+1
0<i gl 1<k
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Sk+1(X3¥) = Ske1 (539) = Agy1 (B, , Fi; Fl,... ,FLEy,...  Ey), (c)

where Ay, (--) is defined in lemma 34.

Proof.

(a) Equivalence between F and F’ and between F and F means (i =
., Kk)

F‘[,—F‘i"l'Gi(Fl, E l: 15 "El_l;Ela'-' i— l_dEl ’
Fi—F + Gi(F,... ,F_;Fy,...,Fi_;;E\,... ,Ei_)) = dE; .

Then, if i = 1,
F|-F =dE;, F,-F =dE;

hence
F/ =TF,.
Ifi =2,
FE-F+ G2 (F\;F;E)) = dE,,
Fy - F + Gy(F\;F;E,) = dE;.
Hence
FZI = Fz.
Similarly one deduces
Flé = -F—k.

(b) We obtain this expression from (ii), (iii) in lemma 32, given that
E=0,i>k+1.

(c) This expression is the same as in lemma 34, relative to the star products
F, F, which (being equivalent) are equivalent to order (k + 1). Hence
hx+1 = 0, from proposition 31, and we can replace F; by F/ (i = 1,... ,k),
from (a). a

Theorem 36. With notations as above,

Aeor(Fiyeoo s By Fly oo \EGE, oo Ey)

= Bk+1(E1,... ,Ek;Sl,... ,Sk’,El,... ,Ek).
Proof. By (b) and (c) of lemma 35. O

Lemma 37. Given the Lie algebra g = gl(n;R), let
P:gl{n;R) — End(R")
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be the natural representation (identity), and (also!) let
P:A(gl(n;R)) — End(R")

be the induced representation of its enveloping algebra. We have

(a) If X € gl(n;R), then dX = 0.

(b) If Y € U(gl(n;R)), there exists E € U(gl(n;R)) such that PE = 0 and
dY = dE.

Proof.
(a) Obvious. True even if X € g®".
(b) PY € gl(n;R) = dPY = 0 and

dY = dY -d(PY) = d(Y — PY) = dE,
where E = Y — PY but PE = PY - P(PY) = PY -PY =0. O
Lemma 38. In theorem 36, assume g = gl(n;R) and take E; such that PE; = 0,
allowed by lemma 37. We have
(POP)Ay 1 (Fy,... ,Fi; Fl,... ,FE,... ,Ex) =0.

Proof. From theorem 36, it suffices to prove
(P®P) By, (Ey,... ,E F,... ,F;E\,... ,Ex) = 0.

But this is true in view of the remark following lemma 32 and the choice of
E;, PE; = 0. O

11. Proof of part 2 in theorem 1

We are now ready to prove the following theorem (part 2 in theorem 1).

Theorem 39. Let F be the star product constructed in theorem 23. Let F' be
another star product satisfying the hypothesis of that theorem, i.e., S'(x;y) =
(F")~Y(y;x) F (x;y) satisfies

(P®P)S'(x;y) =R.
Then there exists
E=1+)Y Ek,
i=1
where E; € U(gl(n;R)) and PE; = 0, such that
F'(x;y) = E"'(x + y) F(x;y) E(x) E(y).
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Proof. From (3) of lemma 24, we have

Si{x;y) = Fi(x;y) - Fi(3:x),
S1(x;y) = Fl{x;y) - F/(y;x).
In theorem 23, we had
F(xy) =3181(xy);
but dF (x;y) = 0, hence
Fl(x;y) = $S1(x;y) + dE (x3¥),
where S} (x;y) € gl(n;R)®2. By the hypothesis of the theorem on S’ (x;y),
P®P)SI(x;p) = Si1(x;p) =r =S{(x;y) = (PRP)S|(x;0).
Hence
S (x;y) =rn = Si(x;p).
From this we obtain
Fl(x;y) = Fi(x;y) + dE|(x;y),

where we have chosen E|(x) such that PE;(x) = 0, in accord with lemma

37. The star products F and F’ are thus equivalent to order 1 (of course!).
We now proceed by induction. Suppose F and F’ are equivalent to the

order k, and we have chosen PE; = 0 (i = 1,...,k). In consequence we have

Fip1 = Figr + Gigpr = My + dEy g,

where Ay, € /\Z(gl(n;R)) and PE; ., = 0. At this point, we allow for lemma
34. Thus

Sker — Ska1 = 2l + A (F1, . JFGFl oo JFGEy, o ER).
But
(PP)Ay, =0
from lemma 38, and by hypothesis
(POP)S,, (x;¥) = (POP)S; 1 (X5¥) = riyr -

Hence A, ; = 0. By definition F and F’ are equivalent to order k + 1 (propo-
sition 30), with PEj,; = 0. The proof of the theorem is now complete. [J

We would like to thank Professors M. Flato, A. Lichnerowicz and D. Stern-
heimer for interesting discussions on star products and quantum groups; also
for friendly encouragement.
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